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We investigate the electronic properties of N -layer black phosphorus by means of an analytical
method based on a recently proposed tight-binding Hamiltonian involving 14 hopping parameters.
The method provides simple and accurate general expressions for the Hamiltonian of N -layer phos-
phorene, which are suitable for the study of electronic transport and optical properties of such
systems, and the results show the features that emerge as the number of layers increases. In ad-
dition, we show that the N -layer problem can be translated into N effective monolayer problems
in the long wavelength approximation and, within this analytical picture, we obtain expressions for
the energy gap and the effective masses for electrons and holes along the N -layer black phosphorus
plane directions as function of the number of layers, as well as for the Landau levels as function of
perpendicular magnetic field.
PACS numbers: 71.10.Pm, 73.22.-f, 73.63.-b
I. INTRODUCTION
The search for new materials with useful electronic
properties has led to an increasing interest on the investi-
gation of a class of layered solids that can be produced as
single or few layers. These new two-dimensional (2D) ma-
terials, which were first brought to attention by the pro-
duction of graphene in 2004,1–3 have been shown to dis-
play properties that are not found in their bulk form.4–8
Among these substances, there has been considerable in-
terest on the study of black phosphours (BP), an al-
lotrope of phosphorus.9–15 In contrast with graphene, BP
is a semiconductor, and its high electronic mobility makes
it a possible candidate for device applications.9,10,16,17
One important aspect of the electronic structure of BP
is the dependence of the gap on the number of layers.
Experiments have found a band gap in the range of 1.8
eV for single layer BP which is reduced to ≈ 0.4 eV for
bulk samples.10,13,18–24
Recently, a series of calculations have obtained the
band structure of BP, both from a first principles
approaches,18,20,25–28 k · p methods,14,29–32 as well as
tight-binding25,33 and continuum models34,35. The re-
sults have shown that BP presents a large anisotropic
effective mass and, in addition, that the gap itself can be
modified by the application of an external bias.23,34 Most
of these works have considered single or bilayer BP, due to
the increasing computational demands as the number of
layers is increased. In this work, we extend the previous
proposed tight-binding25,33 and continuum34 approaches
to consider BP films with arbitrary numbers of layers.
We show that a system of N coupled BP layers can be
approximately mapped into a system of N uncoupled sin-
gle layers. Expressions for the low-energy electron and
hole bands, as well as their effective masses are derived.
This in turn permits a straightforward calculation of the
Landau level spectrum of the system, as will be also dis-
cussed here.
The paper is organized as follows. In Sec. II, we present
the model Hamiltonian used to describe the charge car-
riers in single layer (II A) and bilayer BP (II B), as well
as the analytical expressions for the electronic band str-
cutures, energy gap and effective masses. In Sec. II C,
we generalize the discussion to the case of N-layer BP
systems. The continuum approximation is developed in
Sec. III and a brief investigation about the Landau level
spectrum is explored in Sec. IV. Finally, in Sec. V we
report the concluding remarks.
II. TIGHT-BINDING MODEL
A. Monolayer phosphorene
Figure 1 illustrates the orthorhombic crystal structure
of a N-layer BP system, emphasizing the in-plane orien-
tation adopted in this work and the assumed stacking of
the layers (Fig. 1(a)). The four inequivalent sublattices
in the unit cell and the lattice parameter along the out-
of-plane direction are sketched in Fig. 1(b) and 1(c), re-
spectively. The phosphorus atoms at different sublayers
are represented by different colors: sublattices A and B
(C and D) at the bottom (top) sublayer are represented
by blue (red) symbols.
The Hamiltonian proposed in Ref. [33] for monolayer
phosphorene, within the ten-hopping parameter tight-
binding approach, in momentum space is given by
Hmono =
(
H0 H2
H2 H0
)
, (1)
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FIG. 1: (Color online) Schematic lattice structure of N -layer
BP system, where the phosphorus atoms at different sublayers
are represented by different colors in each monolayer BP. (a)
Top view of a N-layer system, emphasizing the AB-stacking
and the orientations of the lattice adopted in this work. (b)
Side view of a monolayer BP, indicating the four sublattices:
A and B at bottom sublayer, and C and D at top sublayer.
(c) Side view of aN -layer BP system, where d = 10.69 A˚ is the
lattice parameter in the out-of-plane direction (z-direction).
with the following definitions
H0 =
(
tAA(k) tAB(k)
t∗AB(k) tAA(k)
)
, (2a)
H2 =
(
tAD(k) tAC(k)
t∗AC(k) tAD(k)
)
, (2b)
where the structure factors are given in the Appendix 1,
as well as a schematic view of the intralayer hopping pa-
rameters, lattice distances and bond angles is depicted in
Figs. 7(a) and 7(b). The eigenstates of Hamiltonian (1)
are four-component spinors Φ = [φA φB φD φC ]
T ,
where the functions φA,B,C,D are the probability ampli-
tudes for finding electrons on the atomic sites A, B, C
and D. Following Ref. [34], we can perform an unitary
transformation to rewrite the monolayer Hamiltonian in
a simpler block form. The new Hamiltonian and eigen-
states are given by
H
′
k =
(
H+k 0
0 H−k
)
, and ψ′k =
(
Ψ+k
Ψ−k
)
, (3)
where
H±k = H0 ±H2, and Ψ±k =
(
φA ± φD
φB ± φC
)
. (4)
By diagonalizing the Hamiltonian (4), one obtains the
following energy bands
E±s (k) = tAA(k)± tAD(k) + s|tAB(k)± tAC(k)|, (5)
where s = ± denotes the valence (+) and conduction
(−) bands. A more detailed analysis of Eq. (5) reveals
that the bands associated to E+s (k) have lower energies
than the bands associated with E−s (k). In Fig. 2(a),
we plot the low energy bands (E+s (k)) given by Eq. (5)
with solid blue curve. Therefore, the energy gap for
the monolayer BP is obtained by the eigenstates of H+k
sub-Hamiltonian, namely Emonog = 2|tAB(0) + tAC(0)| ≈
1.838 eV.
B. Bilayer phosphorene
For bilayer BP, we have to incorporate the coupling be-
tween adjacent layers, which are separated by a distance
of ≈ 3.214 A˚ and consider eight sublattices. A sketch
of the four interlayer hopping parameters is shown in
Fig. 7(c) in Appendix. The additional coupling terms
were already computed in Ref. [34] in the context of
the five-intralayer-hopping parameters tight-binding ap-
proach. The generalization to the ten-intralayer-hopping
parameters tight-binding model is straightforward, since
both approximations have the same definitions for the
interlayer hoppings, differentiating only by the values
of the hopping parameters.25,33 Therefore, according to
Ref. [34], we can write the Hamiltonian and eigenstates
for bilayer BP as
Hbi =
(
H Hc
H†c H
)
, and Ψbi =
(
Φ1
Φ2
)
, (6)
with Φi = [φA,i φB,i φD,i φC,i]
T , where i =
1, 2 is the layer index. H is the Hamiltonian associated
with each monolayer BP and Hc contains the contribu-
tion of the couplings between atomic sites located in ad-
jacent layers, which is given by
Hc =
(
0 H3
0 0
)
, with H3 =
(
tAD′(k) tAC′(k)
t∗AC′(k) tAD′(k)
)
. (7)
The interlayer structure factors in H3 are defined in the
Appendix 1.
Similar to the case of the monolayer BP, we can per-
form an unitary transformation to rewrite the bilayer
Hamiltonian (6) in simpler form, in order to avoid to
deal with eight coupled equations. Assuming a bias per-
pendicular to the bilayer plane in such a way that the
on-site energy for the atoms at the top (bottom) mono-
layer is ∆/2 (−∆/2) and applying the unitary transfor-
mation presented in Appendix 2, we arrive at the follow-
ing Hamiltonian for bilayer BP as
H±k =
(
H0 ±H2 +H3/2 ∆/2
∆/2 H0 ±H2 −H3/2
)
, (8)
where the HamiltonianH+k (H
−
k ) describes the low (high)
energy bands. The eigenstates of H±k are
Ψ±k =
eiθ±
2
 (φA,1 ± φD,1) + (φA,2 ± φD,2)(φB,1 ± φC,1) + (φB,2 ± φC,2)(φA,1 ± φD,1)− (φA,2 ± φD,2)
(φB,1 ± φC,1)− (φB,2 ± φC,2)
 , (9)
3with θ+ = 0 and θ− = −pi/2. Therefore, diagonalizing
Hamiltonian (8), we obtain the following expressions for
the energy bands close to the Fermi level
Ec=
+1 +
+
2 +
−
1 +
−
2
2
±
√[
+1 +
+
2 −−1 −−2
2
]2
+
(
∆
2
)2
,
(10a)
Ev=
+1 −+2 +−1 −−2
2
±
√[
+1 −+2 −−1 +−2
2
]2
+
(
∆
2
)2
,
(10b)
corresponding to the conduction (Ec) and valence (Ev)
bands, where the functions of the wavevector ±i , with
i = 1, 2, are defined by
±1 = tAA(k) + tAD(k)± tAD′(k)/2, (11a)
±2 = |tAB(k) + tAC(k)± tAC′(k)/2|. (11b)
The plot of the energy bands given by Eqs. (10a) and
(10b) is depicted by solid blue curve in Fig. 2(b). The
energy gap of the bilayer BP is given by Ebig = 2|tAB(0)+
tAC(0) − tAC′(0)/2| ≈ 1.126 eV. Note that for the zero
bias case (∆ = 0), the bilayer Hamiltonian (8) has the
same form as the monolayer Hamiltonian (3), except for
the modified diagonal matrix elements due to the pres-
ence of interlayer coupling term H3.
C. N-layer phosphorene
In this section, we generalize the previous discussions
to the case of N -layer BP. The layers are stacked accord-
ing to the configuration sketched in Fig. 1(a), which is
called AB stacking.36,37 The Hamiltonian for a N -layer
system follows from a natural generalization of Hamilto-
nian (6), given by
HN =

H Hc
H†c H Hc
H†c H Hc
. . .
Hc
H†c H

N×N
, (12)
which acts on the eigenstate
ΨN =

Φ1
Φ2
...
ΦN

N×1
, with Φi =
 φA,iφB,iφD,i
φC,i
 . (13)
One can notice that the Hamiltonian (12) is a tridiago-
nal matrix formed by 4×4 blocks, since we only consider
the coupling between the adjacent layers, otherwise off-
tridiagonal terms would be non-null. The main diago-
nal of HN is composed by monolayer type Hamiltonians,
similar to Eq. (1), and the adjacent diagonals are pop-
ulated by Hc blocks that contain the interaction terms
connecting sublattice sites between the adjacent layers,
similar to the coupling matrix of the bilayer case given
by Eq. (7). This corresponds to the case of a N -layer
BP system that is free of interactions with any external
sources, as for instance external electric and magnetic
fields, which can be easily incorporated in the following
formalism through perturbation theory.
The eigenvalue equation HNΨN = EΨN is equivalent
to a set of equations of the form
H†cΦi−1 + (H − E)Φi +HcΦi+1 = 0, (14)
obeying the boundary condition Φ0 = ΦN+1 = 0. i =
1, 2, ..., N is the layer index. Eq. (14) can be equivalently
rewritten in the following pair of equations for each i
(H0 − E)ψAB,i +H2ψDC,i +H3ψDC,i+1 = 0, (15a)
(H0 − E)ψDC,i +H2ψAB,i +H3ψAB,i−1 = 0, (15b)
where the two sets of two-component spinors are defined
by ψAB,i = [φA,i φB,i]
T and ψDC,i = [φD,i φC,i]
T .
Therefore, we have separated the amplitudes for each
sublayer of each monolayer i, i.e. ψAB,i (ψDC,i) contains
separately the amplitudes for the bottom (top) sublayer
of the i-th monolayer. Before proceeding, it is necessary
to comment on very important points related to the sub-
lattice amplitudes and the energy levels of the N -layer
BP system. As a means to it, we shall exemplify these
features through the monolayer and bilayer BP cases.
As discussed previously in Sec. II A, the H+k (H
−
k )
Hamiltonian is associated with low (high) energy bands
around the Fermi level. We can interpret this fea-
ture by analyzing the eigenstates associated with each
sub-Hamiltonian. The eigenstate Ψ+k (Ψ
−
k ) of the sub-
Hamiltonian H+k (H
−
k ) is given by the sum (difference)
of the probability amplitudes of the equivalent sublat-
tices for each component, i.e. Ψ±k = ψAB ± ψDC . In
other words, the lowest (highest) energy bands are as-
sociated with (anti-)bonds states between each sublayer.
meaning ψAB +ψDC (ψAB −ψDC). This is analogous to
the case of the hydrogen molecule, where the bond state
has lower energy than the anti-bond state. Thus, we use
the nomenclature bond and anti-bond in the context of
phosphorene as an analogy with the molecular orbital
theory.
Similar feature is also observed for the bilayer BP case
(see Eqs. (8) and (9)). The Hamiltonian that describes
low (high) energy excitations, H+k (H
−
k ), has eigenstates
that are bond (anti-bond) states between each sublayer in
the adjacent layer, as can be seen in Eq. (9). However, for
the bilayer BP case, one has an additional feature: their
eigenstates have not only bonds and anti-bonds between
the sublayers in each layer, but also they have bonds
and anti-bonds between the adjacent layers. Here, the
bond states between different layers [(ψAB,1 + ψDC,1) +
(ψAB,2 + ψDC,2)] exhibit lower energies than the anti-
bond ones [(ψAB,1+ψDC,1)−(ψAB,2+ψDC,2)]. Therefore,
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FIG. 2: (Color online) Band structures for (a) monolayer,
(b) bilayer, (c) trilayer and (d) tetralayer phosphorene ob-
tained by using the analytical expressions Eqs. (21) and (38)
within tight-binding model (blue solid curves) and continuum
approximation (red dashed curves), respectively.
regarding this analysis we can predict four low energy
bands for bilayer BP, which is in accordance with the
previous section and Fig. 2(b).
This argument can be generalized to the multilayer
BP case. The lower energy bands around the energy
gap are described by bonds of ψAB,i and ψDC,i for each
layer i, i.e. ψAB,i + ψDC,i, whereas the higher energy
band located away from the gap region are described
by anti-bonds of ψAB,i and ψDC,i for each layer i, i.e.
ψAB,i − ψDC,i. This relation between the energy bands
and the bond states allows us to separate the high and
low energy excitations in a very intuitive way. Rewriting
Eqs. (15a) and (15b) in the basis of bonding and anti-
bonding amplitudes, we arrive at
(H0±H2−E)(ψAB,1±ψDC,1)+H3ψDC,2 =0,
(H0±H2−E)(ψAB,2±ψDC,2)+H3(ψDC,3±ψAB,1)=0,
...
...
... (16)
(H0±H2−E)(ψAB,N±ψDC,N )±H3ψAB,N−1 =0.
where the sign + (−) denotes the bonding (anti-bonding)
states. At this point, we can define the bonding and anti-
bonding orbitals for each layer as φi = ψAB,i+ψDC,i and
φ¯i = ψAB,i − ψDC,i, respectively.
In order to take into account just the multilayer BP
properties at low energies, we shall reduce the problem in
half, i.e. instead of diagonalizing a N×N block Hamilto-
nian, we treat only an effective N/2×N/2 block Hamilto-
nian, since the low energy bands correspond to the bond
states, one can consider only the half of Eqs. (16) with
the + sign.
Due to the sublattice symmetry between atomic sites
A/D and B/C in each monolayer BP, as a consequence
of the D2h group invariance of the BP lattice,
34,38 we
regard the following approximation with respect to the
sublattice amplitudes: ψAB,i ≈ ψDC,i for i = 1, 2, ..., N ,
which corresponds to φA,i ≈ φD,i and φB,i ≈ φC,i. This
is valid for the vast majority of cases of physical interest,
since it is very difficult experimentally to induce bias just
in one single-layer BP in set of N -layer and consequently
breaking this sublattice symmetry. On the other hand,
it is important to mention that this assumption does not
exclude the possibility of applying a perpendicular elec-
tric field to the system, assuming that the field affects
equally the on-site energy of all atoms in a same layer
i by i. With this in mind, we arrive at the important
relation
ψAB,i ≈ ψDC,i ≈ 1
2
φi. (17)
Thus, we can rewrite Eq. (16) within this approximation
in terms of the bonding orbitals, resulting in the following
set of equations for i = 1, 2, ..., N BP layers
(H0 +H2 − E)φi + 1
2
H3(φi−1 + φi+1) = 0, (18)
obeying the boundary condition φ0 = φN+1 = 0. This
boundary condition is satisfied by the following ansatz :
φj = A sin(jnpi/(N + 1)), where A is a two-component
spinor and depends only on kx and ky. By taking this
ansatz, one can easily check that the following identity
holds true: φi−1 + φi+1 = 2 cos(npi/(N + 1))φi, where
we have used the trigonometrical identity sin(a ± b) =
sin(a) cos(b) ± sin(b) cos(a). A more rigorous way to
obtain this identity can be found by the theory of the
Toeplitz matrix. It is known that sin(jnpi/(N + 1)) is
the j-th component of the eigenvector u of the matrix T ,
defined by
T =

0 1
1 0 1
1 0 1
. . .
1
1 0
 , (19)
with eigenvalues λn = 2 cos(npi/(N + 1)). Thus, the
eigenvalue equation Tu = λu results in uj−1 + uj+1 =
λnuj , which is similar to the previous derived identity.
By substituting the ansatz into Eq. (18), we obtain[
H0 +H2 + cos
(
npi
N + 1
)
H3
]
φi = Eφi, (20)
where φi = φ
n
i and n = 1, 2, ..., N . In summary, the as-
sumed ansatz diagonalizes the full Hamiltonian for the
systems of N coupled BP layers with the sublattice sym-
metry approximation within the tight-binding picture.
Therefore, we have transformed the complicated problem
of diagonalizing a N×N tridiagonal hermitian block ma-
trix, composed by 4 × 4 blocks, to N problems of order
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FIG. 3: (Color online) Energy gap as a function of the number
of layers. The open symbols highlights the behavior of the
analytical expression (23) for integer values of the number
of layers N . Red dashed curve shows the result obtained by
Rudenko et al.33 in order to make a direct comparison with
our analytical result.
2 for the low energy excitation case. There are N more
2× 2 blocks corresponding to the highest energy excita-
tions. The eigenvalues of the Hamiltonian (20) are easily
found to be
E±n (k,N)= tAA(k)+tAD(k)+cos
(
npi
N + 1
)
tAD′(k)
±
∣∣∣∣tAB(k)+tAC(k)+cos( npiN + 1
)
tAC′(k)
∣∣∣∣ . (21)
In Fig. 2 we show the band structure (solid blue curves)
for (a) monolayer, (b) bilayer, (c) trilayer and (d)
tetralayer phosphorene obtained from Eq. (21) with N =
1, 2, 3 and 4, respectively. The agreement with the re-
sults found in the literature25 is remarkable, showing that
the simple sublattice symmetry approximation assumed
here (Eq. (17)) is an excellent and appropriate approach
to describe N -layer BP systems.
The energy gap with an explicit layer-dependence for
N -layer BP system can also be easily computed from
Eq. (21), resulting
ENg = 2
∣∣∣∣tAB(0) + tAC(0)+ cos( NpiN + 1
)
tAC′(0)
∣∣∣∣ , (22)
where the states with n = N are the ones with low-
est energies. By applying the identity cos(Npi/(N +
1)) = − cos(pi/(N + 1)) and recognizing that Emonog =
2|tAB(0) + tAC(0)| is the energy gap for the monolayer
case, we can rewrite the above Eq. (22) as
ENg =
∣∣∣∣Emonog − 2 cos( piN + 1
)
tAC′(0)
∣∣∣∣ . (23)
Figure 3 displays the energy gap as a function of the
number of layers obtained via Eq. (23). A compari-
son with the recently obtained results by Rudenko et
al.33 based on the computational analysis of the tight-
binding model (red dashed curve in Fig. 3) shows an
excellent agreement with our analytical result and con-
firms that the sublattice symmetry approximation as-
sumed here is very accurate and possibly exact within
the tight-binding approach. It is worth to mention that,
to the best of our knowledge, the energy gap dependence
with the number of layers has never been analytically
deduced as a natural consequence of a model that de-
scribes the electronic properties of N -layer BP system.
Several approaches have been adopted to circumvent the
very difficult calculations imposed by the ten-hopping
tight-binding model in order to obtain one single expres-
sion for the gap-layer dependence, which is very impor-
tant for describing optical transition.24 Most of previous
works18,20,25–28,33,39 just numerically fit the data points
obtained by first-principles calculations. The usual an-
alytical approach to deal with this problem is based on
an approximated quasi-1D tight-binding model along the
z-direction, where each phosphorene layer is associated
with an atomic site of z-Hamiltonian and the interlayer
coupling energy is linked to the hopping parameter of
the 1D chain.24,31,32,40 The lack of information about the
hopping parameter, i.e. “interlayer coupling”, is over-
come by fitting the ab-initio results or experimental data.
Here, Eq. (23) was obtained from rigorous diagonaliza-
tion of the Hamiltonian (12). In the limit of a large num-
ber of BP layers (N → ∞), i.e. within the bulk limit,
the energy gap (23) tends to 0.414 eV (see last point in
Fig. 3), which is consistent with the values obtained by
previous first-principles calculations28 (≈ 0.43 eV) and
tight-binding model25,33 (≈ 0.40 eV).
Let us now analyze some particular cases (N = 2 and
N = 3) to explicitly illustrate our general multilayer ap-
proximation. For the bilayer case (N = 2), the sub-
Hamiltonians (20) reads
H0 +H2 + cos
(pi
3
)
H3, (24a)
H0 +H2 + cos
(
2pi
3
)
H3. (24b)
Since cos(pi/3) = − cos(2pi/3) = 1/2, we arrive at
Hbi =
(
H0 +H2 +H3/2 0
0 H0 +H2 −H3/2
)
, (25)
which is exactly the same Hamiltonian (Eq. (8)) found
previously for low energy excitations and zero bias (∆ =
0). Keeping in mind that Eq. (8) is exact within the tight-
binding model, it leads us to an additional indication that
the sublattice symmetry approximation is exact for zero
bias bilayer BP. For the trilayer BP (N = 3), we have
H0 +H2 + cos
(pi
4
)
H3, (26a)
H0 +H2 + cos
(
2pi
4
)
H3, (26b)
H0 +H2 + cos
(
3pi
4
)
H3. (26c)
6Since cos(pi/4) = − cos(2pi/4) = 1/√2 and cos(2pi/4) =
0, the effective Hamiltonian for low-energy excitations in
trilayer BP becomes
Htri=
H0+H2+H3/√2 0 00 H0 +H2 0
0 0 H0+H2−H3/
√
2
 .
(27)
It is interesting to note that the effective Hamiltonian
for the trilayer BP (27) is composed by one monolayer
Hamiltonian and one “bilayer Hamiltonian”, except for
a factor of 1/
√
2 instead of 1/2 in bilayer terms. This
implies that trilayer and monolayer phoephorene share
energy bands, as can also be seen in Figs. 2(a) and 2(c).
The same feature is also observed for the multilayer case
whenever the number of layers is odd. A sub-Hamiltonian
for the N -layer case, Hn = H0+H2+cos(npi/(N+1))H3,
is a monolayer Hamiltonian only when cos(npi/(N+1)) =
0 for some n [see Eq. (4)]. When the number of layers
is odd, i.e. N = 2m + 1 with m = 1, 2, ..., we find that
n = m + 1 generates a monolayer Hamiltonian. For in-
stance in the trilayer BP case, we have m = 1, implying
that the sub-Hamiltonian for n = 2 is a monolayer type.
Therefore, we can always find one monolayer type sub-
Hamiltonian Hn=m+1. On the other hand, if the number
of layers is even, i.e. N = 2m, the condition for a mono-
layer type Hamiltonian would be n = m + 1/2, but it
is never satisfied, since m and n are both integers. In
summary, the N-layer Hamiltonian is composed by N/2
bilayer Hamiltonians if N is even, and (N − 1)/2 bilayer
and one monolayer Hamiltonians if N is odd.
Similar features hold true for high energy bands, but
now the basis is constituted by anti-bonding orbitals for
each monolayer BP, instead of bond states, as previously
discussed. Hence, one has to assume a lattice antisym-
metry approximation, instead of symmetric one, such as:
ψAB,i ≈ −ψDC,i ≈ φ¯i/2, where φ¯i = ψAB,i − ψDC,i are
the anti-bonding orbitals. Therefore, we can general-
ize our results by stating that the N -layer BP Hamilto-
nian for any energy range within the ten-hopping tight-
binding model has a diagonal form in which each sub-
Hamiltonian is given by
H±n = H0 ±H2 ± cos
(
npi
N + 1
)
H3, (28)
where the sign + (−) corresponds to the low (high) en-
ergy bands and n = 1, 2, ..., N is the subband index. It
gives a total of 2N matrix equations of order 2, which
is equivalent to N equations of order 4 or one matrix
equation of order 4N similar to the initial Hamiltonian
(12).
III. CONTINUUM APPROXIMATION
Despite the significant simplification for N -layer BP
Hamiltonian (12), given by Eq. (28), the structure fac-
tors for the ten-hopping parameters tight-binding model
are still not tractable for analytical investigation of the
electronic properties away from the Γ point. Thus, fur-
ther simplification is desirable in order to make the re-
sulting model more suitable for analytical calculations.
Within the long-wavelength approximation, a simple an-
alytical model can be derived by expanding the structure
factors (see Appendix 1) up to second order in k. It
has been recently shown within the five-hopping param-
eter approach34,35 that this continuum approximation is
very suited for describing the physics of large BP sys-
tems, yielding very accurate results within its limit of
validation. Moreover, its applicability is not restricted
to monolayer case, but it can be extended to multilayer
BP, being this way less computationally demanding than
tight-binding model and first-principles calculations.
By expanding the structure factors, given in Ap-
pendix 1, around the Γ point up to second order in k,
one obtains the following expressions
tAA = δAA + ηAAk
2
x + γAAk
2
y, (29a)
tAB = δAB + ηABk
2
x + γABk
2
y + iχABky, (29b)
tAC = δAC + ηACk
2
x + γACk
2
y + iχACky, (29c)
tAD = δAD + ηADk
2
x + γADk
2
y, (29d)
for the intralayer terms and
tAC′ = δAC′ + ηAC′k
2
x + γAC′k
2
y + iχACky, (30a)
tAD′ = δAD′ + ηAD′k
2
x + γAD′k
2
y, (30b)
for the interlayer contributions. The coefficient values
of the expanded structure factors (Eqs. (29a)-(30b)) for
both five-hopping and ten-hopping models are summa-
rized in Table I.
By comparing both five-hopping34,35 and ten-hopping
models, one can notice that the continuum approximated
structure factors (Eqs. (29a)-(30b)) have the same form
in both models, and consequently the BP Hamiltonians in
both models are also similar within the long-wavelength
approach. Thus, all the complicated contributions due
to the long-range hoppings are translated to different
values of the extended structure coefficients. Therefore,
the electronic properties derived by the continuum ap-
proximation for both models are qualitatively equiva-
lents. This is a very important issue, because relevant
works on the theory of BP systems based on the five-
hopping long-wavelength approximation have been al-
ready reported34,35, and here we are showing that their
results are still qualitatively valid.
A. Monolayer phosphorene
The long-wavelength Hamiltonian for the monolayer
BP based on the ten-hopping description for low-energy
contribution H+k is given by
H+k =
(
u0+ηxk
2
x+ηyk
2
y δ+γxk
2
x+γyk
2
y+iχky
δ+γxk
2
x+γyk
2
y−iχky u0+ηxk2x+ηyk2y
)
,
(31)
7TABLE I: Structure factor coefficients for both five and ten-
hopping continuum approximation.
10-hopping 5-hopping units
δAA -0.338 0.00 eV
δAB -2.912 -2.85 eV
δAC 3.831 3.61 eV
δAD -0.076 -0.42 eV
δAC′ 0.712 0.41 eV
δAD′ -0.132 -0.06 eV
ηAA 1.161 0.00 eV·A˚2
ηAB 2.05 3.91 eV·A˚2
ηAC 0.460 -0.53 eV·A˚2
ηAD 0.104 0.58 eV·A˚2
ηAC′ -0.9765 -0.56 eV·A˚2
ηAD′ 2.699 3.31 eV·A˚2
γAA -1.563 0.00 eV·A˚2
γAB 3.607 4.41 eV·A˚2
γAC -1.572 0.00 eV·A˚2
γAD 0.179 1.01 eV·A˚2
γAC′ 2.443 1.08 eV·A˚2
γAD′ 0.364 0.14 eV·A˚2
χAB 3.688 2.41 eV·A˚
χAC 2.208 2.84 eV·A˚
χAC′ 2.071 1.09 eV·A˚
which has exactly the same form as the one corresponding
to the five-hopping model34,35, except for the constants
values. For both models, the values of the coefficients in
Eq. (31) are given by u0 = δAA + δAD, ηx = ηAA + ηAD,
ηy = γAA + γAD, δ = δAB + δAC , γx = ηAB + ηAC , γy =
γAB + γAC , and χ = χAB + χAC . By diagonalizing the
Hamiltonian (31), one can obtain the dispersion relations
for electrons and holes as
E+k =u0+ηxk
2
x+ηyk
2
y±
√
(δ+γxk2x+γyk
2
y)
2+χ2k2y, (32)
where the plus (minus) sign yields the conduction
(valance) band. This leads to an energy gap of Eg =
2δ ≈ 1.838 eV that is consistent with Ref. [33].
B. Bilayer phosphorene
Analogously to the monolayer case, we can derive a
long-wavelength Hamiltonian describing the lowest en-
ergy bands close to the Fermi level of bilayer BP as
H0 +H2 ±H3/2 =(
u±0 +η
±
x k
2
x+η
±
y k
2
y δ
±+γ±x k
2
x+γ
±
y k
2
y+iχ
±ky
δ±+γ±x k
2
x+γ
±
y k
2
y−iχ±ky u±0 +η±x k2x+η±y k2y
)
,
(33)
where u±0 = u0 ± δAD′/2, η±x = ηx ± ηAD′/2, η±y =
ηy ± γAD′/2, δ± = δ ± δAC′/2, γ±x = γx ± ηAC′/2,
γ±y = γy ± γAC′/2, and χ± = χ ± χAC′/2. One can
clearly see that the low-energy Hamiltonian for bilayer
BP (33) has exactly the same structure as the mono-
layer Hamiltonian (31) for the case of zero bias (∆ = 0)
in the long-wavelength limit, differing only by the coef-
ficient values of each matrix element. The low-energy
bands obtained from Eq. (33) at the Γ point are given by
Eqs. (10a) and (10b) with
±1 = u
±
0 + η
±
x k
2
x + η
±
y k
2
y (34a)
±2 =
√
(δ± + γ±x k2x + γ
±
y k2y)
2 + (χ+ky)2 (34b)
For the zero bias case (∆ = 0), the energy levels are
given by ±1 + s
±
2 , i.e.
E±s =u
±
0+η
±
x k
2
x+η
±
y k
2
y+s
√
(δ±+γ±x k2x+γ
±
y k2y)
2+(χ±ky)2,
(35)
with s = ±1, where the positive (negative) sign denotes
the conduction (valence) bands. Eq. (35) has exactly the
same structure as the energy bands of the monolayer case
Eq. (32), as already expected.
C. N-layer phosphorene
As we can anticipate from the previous subsections,
the Hamiltonian for the N -layer case in the continuum
approximation should be composed of N blocks of mono-
layer type Hamiltonians with the corresponding modi-
fied coefficients. Therefore, we can write the low-energy
Hamiltonians in the continuum approximation as(
un0 +η
n
xk
2
x+η
n
y k
2
y δ
n+γnxk
2
x+γ
n
y k
2
y+iχ
nky
δn+γnxk
2
x+γ
n
y k
2
y−iχnky un0 +ηnxk2x+ηny k2y
)
,
(36)
with un0 = u0 + λnδAD′ , η
n
x = ηx + λnηAD′ , η
n
y = ηy +
λnγAD′ , δ
n = δ + λnδAC′ , γ
n
x = γx + λnηAC′ , γ
n
y = γy +
λnγAC′ , and χ
n = χ+λnχAC′ , where λn = cos(npi/(N+
1)). Thus, we have reduced the N -layer BP problem to
an effective monolayer BP system with layer-dependent
coefficients.
Assuming the limit N → ∞, i.e. at the bulk BP
regime, we can write
φi ∝ sin
(
i
npi
N + 1
)
= sin
(
id
npi
d(N + 1)
)
, (37)
where d ≈ 10.69 A˚ is the lattice parameter along the
z-direction for the AB-stacked case (see Fig. 1(c)).36,37
Rewriting Eq. (37) as φi ∝ sin(kzz), with z = jd and
kz = npi/d(N + 1), we can obtain the band structure in
terms of kz and consider only terms up to second order
within the long-wavelength approximation. It is impor-
tant to point out that the long-wavelength approximation
for the bulk case is only valid for small kz, which means
npi/(N+1) 1. However, the lowest energy bands occur
for n = N , such that the inequality can not be satisfied.
This issue can be easily figured out by using the cosine
identity cos(Npi/(N + 1)) = − cos(pi/(N + 1)), and thus
8avoiding inconsistencies within the long-wavelength ap-
proximation. Taking that in account, we can write the
low-energy bands as
Ens = u¯0 + η¯xk
2
x + η¯yk
2
y + η¯zk
2
z
+ s
√
(δ¯ + γ¯xk2x + γ¯yk
2
y + γ¯zk
2
z)
2 + (χ¯ky)2, (38)
where u¯0 = u0 − δAD′ , η¯x = ηx − ηAD′ , η¯y = ηy − γAD′ ,
δ¯ = δ − δAC′ , γ¯x = γx − ηAC′ , γ¯y = γy − γAC′ , χ¯ =
χ − χAC′ , η¯z = δAD′d2/2 and γ¯z = δAC′d2/2. From the
spectrum Eq. (38), one can estimate the effective masses
of electrons (s = +1) and holes (s = −1) along the z
direction as
me,hz =
~2
2(η¯z ± γ¯z) . (39)
The resulting effective masses are mez ≈ 0.115m0 and
mhz ≈ 0.158m0, with m0 being the mass of a free elec-
tron. Cyclotron resonance experiments41–43 on bulk
BP found on out-of-plane electron and hole effective
masses as mez ≈ 0.128m0 and mhz ≈ 0.280m0, respec-
tively. Therefore, the effective masses found here within
our continuum model are consistent with experimental
measurements41–43 and also with theoretically predicted
values reported in Refs. [43,44], where the discrepancies
are possibly due to the slight differences in the out-of-
plane lattice constant. Some theoretical papers31,32 have
adopted averages of experimental41 and theoretical44 val-
ues, assuming mez = 0.2m0 and m
h
z = 0.4m0 for the elec-
tron and hole out-of-plane masses, respectively. We can
observe from Eqs. (38) and (39) that the properties of
BP in the z-direction are more similar to the properties
along the x-direction than the y-direction, since there is
no linear term in kz.
We can also investigate how the effective masses along
the x and y directions change with the number of lay-
ers. According to Ref. [34], one can estimate the effective
masses for the n-th sub-Hamiltonian in the N -layer BP
in a similar way as in monolayer case34, that reads
me,hx =
~2
2(ηnx±γnx )
, me,hy =
~2
2(ηnx±γnx±(χn)2/2δn)
,
(40)
where the coefficients are layer-dependent. Fig. 4 is a
plot of the effective masses in units of m0 along x and y
directions for (a) electrons and (h) holes as a function of
the number of layers. One can notice the effective masses
me,hx along the x-direction are more sensitive to changes
with respect to the number of layer than me,hy . At the
limit N → ∞, the effectives masses for electrons and
holes in both in-plane directions converge to values of
bulk BP: mex ≈ 1.855m0, mhx ≈ 0.774m0, mey ≈ 0.115m0
and mhy ≈ 0.104m0, respectively. Recent works32,44 in
multilayer BP within the k · p model have assumed the
following effective masses mex ≈ 0.7m0, mhx ≈ 1.0m0, and
mey = m
h
y ≈ 0.08m0 by taking average values between ex-
perimental and theoretical results,41–43 but in fact these
values are close to the ones for monolayer BP.34
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FIG. 4: The effective masses in units of free electron mass
(m0) along x (solid curves) and y (dashed curves) direction
for (a) electrons and (b) holes as a function of the number
of layers. The open symbols highlights the behavior of the
analytical expression (40) for integer values of the number of
layers N .
IV. LANDAU LEVELS
In order to exemplify the physics of the analytical
model developed here, we discuss the influence of an
external and uniform magnetic field perpendicular to
the BP sheets (B = Bzˆ), obtaining the Landau levels
for N -layer BP. By considering the Peierls substitution
p → p − eA into the continuum Hamiltonian (36) and
using the Landau gauge A = (−By, 0, 0), we can readily
generalize the Landau level expression for the multilayer
BP case by following the same straightforward procedure
adopted in Ref. [34], such as
Ene,h = u
n
0 ± δn ± ~ωe,h (n+ 1/2) , (41)
with frequency defined as
ωe,h =
eB√
me,hx m
e,h
y
, (42)
where the general layer-dependent effective masses are
given by Eq. (40) and the sign + (−) corresponds to
the electron e (hole h) branches. Note that the spec-
trum obtained from Eq. (41) has a linear dependence on
B, similarly to conventional 2D electron gas spectrum,
9i.e. the dispersion is typical of Schro¨dinger Fermions. In
Fig. 5, we show the Landau level spectra for electrons
(blue lines) and holes (red lines) as a function of perpen-
dicular magnetic field for (a) one, (b) two, (c) three and
(d) four BP layers. One can notice that all subbands
for both electron and hole branches increase linearly but
with different slopes due to different anisotropic effective
masses and cross at some high magnetic amplitude. Sim-
ilar results for multilayer BP within the k ·p method was
already reported in Ref. [32].
Aiming to check the validity of the analytical results
obtained via Eq. (41), we plot in Fig. 6 the electronic Lan-
dau energy branches for tetralayer BP obtained by using
the linear dispersion Eq. (41) (blue solid curves) and the
diagonalization of Hamiltonian (36) with a perpendicular
magnetic field solved numerically (black dashed curves).
Panel (a) shows a plot of the Landau levels as function
of B and in panels (b) and (c) we depict the results for
the Landau levels versus the Landau energy index n for
B = 50 T and B = 100 T, respectively. As shown in
Fig. 6(a), the approximate linear relation describes very
appropriately the Landau energies even at high magnetic
field values. It can be observed a small deviation from
the linear dependence on large field and high energy in-
dex n for each subband. This is due to interband cou-
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FIG. 5: (Color online) Landau levels for electrons (blue
curves) and holes (red curves) as a function of perpendicu-
lar magnetic field for (a) monolayer, (b) bilayer, (c) trilayer,
and (d) tetralayer BP. It is shown the first eleven (n = 0, 1,
· · · , 10) lowest states for each subband.
pling terms depending on χ that correspond to the off-
diagonal matrix elements of Eq. (36). Figs. 6(b) and 6(c)
confirms the good accordance between these results even
for high Landau energy index n. One can also observe
clearly from panels 6(b) and 6(c) that the Landau levels
are equally spaced and have also a linear dependence on
n. Therefore, the excellent agreement between those re-
sults demonstrates that the approximate linear relation
for the Landau levels (41) are able to describe accurately
the main features even at high magnetic regime and low-
energy indexes. The valid of the linear approximation for
the electron and holes energy branches was also discussed
in Refs. [29,32,34]. According to them, the Landau levels
obey with a good agreement the linear dependence at low
magnetic field values (up to / 50 T).
V. CONCLUSIONS
In summary, we have studied the electronic proper-
ties of multilayer BP and analytically derived an effective
model for this system with arbitrary number of BP layers,
based on a recently proposed tight-binding approach uti-
lizing ten intralayer and four interlayer hopping parame-
ters. We have shown that a decomposition into N effec-
tive Hamiltonians of order 2 naturally emerges from the
N coupled BP problem for the low energy bands, by map-
ping the complicated problem ofN×N tridiagonal hermi-
tian 4× 4 blocks to a system of N uncoupled single layer
BP. By using the advantage of the sublattice symmetries
0 1 0 0 2 0 0 3 0 00 . 0
0 . 5
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1 . 5
0 . 0
0 . 5
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E (e
V)
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n
FIG. 6: (Color online) Landau levels for electrons of tetralayer
BP (N = 4) as a function of (b) perpendicular magnetic field
and (b, c) Landau energy index n with different magnetic
field. A comparison between the energy bands obtained by
using the linear dispersion Eq. (41) (blue solid curves) and
the diagonalization of Hamiltonian (36) with a perpendicular
magnetic field (black dashed curves) is shown. It was assumed
just the first eleven low Landau levels for each electronic sub-
band in panel (a).
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between A/D and B/C atomic sites as a consequence of
the D2h group invariance of the BP lattice, we have sepa-
rated the Hamiltonians that describe low and high energy
bands, associating them with bond and anti-bond wave-
function amplitudes, respectively. We have verified that
the low and high energy bands are described by the sum
ψAB,i + ψDC,i and difference ψAB,i − ψDC,i of the prob-
ability amplitudes of the equivalent sublattices in each
layer i. Using the decoupled tight-binding model for mul-
tilayer BP, we have expanded the structure factor around
the Γ point up to second order of the matrix elements
of BP Hamiltonian in order to achieve a long-wavelength
approximation for the system. This has allowed us to ob-
tain the dispersion relations for electrons and holes in the
vicinity of the Fermi level, as well as general expressions
for gap energy and effective masses with an explicit de-
pendence on the number of BP layers. Our findings have
shown that the effective continuum model displays good
agreement with previous results of both first-principles
calculations and tight-binding approximation reported in
the literature by Rudenko et al.25,33, reproducing well the
band structures near the Fermi level. Moreover, in the
limit of large number of BP layers (N → ∞, i.e. bulk
BP), we found an energy band gap of ≈ 0.414 eV with
our simple multilayer continuum model. This is consis-
tent with the values obtained by previous first-principles
calculations28 (≈ 0.43 eV) and tight-binding model25,33
(≈ 0.40 eV). As an example of the application of the
model, we have considered the case of a perpendicular
magnetic field to multilayer BP and found general ex-
pression for the electron and holes Landau level spec-
tra. Therefore, the analytical analysis developed in the
present paper captures the essential physics of multilayer
BP and is suitable for large-scale investigation, since it
obtains accurate quantitative results and is less computa-
tionally demanding than numerical tight-binding model
and first-principles calculations for large BP systems.
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APPENDIX
1. Structure factors
Here, we shall derive the structure factors correspond-
ing to the matrix elements of the ten-hopping tight-
binding Hamiltonian considered in our approach. Fig-
ure 7(a) shows the lattice structure of multilayer BP sys-
tems, emphasizing the the bond lengths and bond angles
between the phosphorus atomic sites, where a1 = 2.22A˚
(a2 = 2.24A˚) is the distance between nearest-neighbor
sites in sublattices A and B or C and D (A and C or B
andD), α1 = 96.5
◦, α2 = 101.9◦, and β = 72◦. Figs. 7(b)
and 7(c) indicate the ten-intralayer ti and four-interlayer
t⊥i hopping parameters for the tight-binding model, re-
spectively. The hopping energies are depicted in Table
II. We shall just show how to compute the expression
for tAB , since the other terms tAA, tAC , tAD, tAC′ and
tAD′ can be obtained in an analogous way. The tAB term
corresponds to all the terms involving the coupling ener-
gies between A−B and C −D. Therefore, by analyzing
Fig. 7(b), we have
HAB =
∑
i,j
tij(a
†
i bj+d
†
i cj)+h.c.= t1
∑
i,j
(a†i bj+d
†
i cj)
+t4
∑
i,j
(a†i bj+d
†
i cj)+t8
∑
i,j
(a†i bj+d
†
i cj)+h.c. (43)
Labeling t1, t4 and t8 by tn, then each part of Eq. (43)
can be calculated as
tn
∑
i,j
(a†i bj+d
†
i cj)=
tn
N
∑
i,j,k,k′
(a†kbk′+d
†
kck′)e
−i~k·~riei~k
′·~rj
=
tn
N
∑
i,j,k,k′
(a†kbk′+d
†
kck′)e
i~k·(~ri−~rj)ei(~k
′−~k)·~rj
=
∑
k
(
tn
∑
mn
ei
~k·~δm
)
(a†kbk+d
†
kck), (44)
where
∑
mn
denotes a summation over all ~rj neighbors of
~ri linked by the hopping tn and ~δi = ~ri − ~rj corresponds
to the distance vector between the atomic site i and j.
Therefore, we arrive at the following expression
HAB=
∑
k
(
t1
∑
m1
ei
~k·~δm1 +t4
∑
m4
ei
~k·~δm4 +t8
∑
m8
ei
~k·~δm8
)
×(a†kbk+d†kck)+h.c.=
∑
k
tAB(k)(a
†
kbk+d
†
kck)+h.c. (45)
By replacing the distance vectors, calculated according
to Fig. 7, into Eq. (45), one can find
tAB(k)=2t1 cos [a1 sin(α1/2)kx] e
−ia1 cos(α1/2)ky
+2t4 cos [a1 sin(α1/2)kx] e
i[2a2 cos β+a1 cos(α1/2)]ky
+2t8 cos [3a1 sin(α1/2)kx] e
−ia1 cos(α1/2)ky . (46)
TABLE II: Intralayer (ti) and interlayer (t
⊥
i ) hopping param-
eters from Ref. [33].
Parameter Value (eV) Parameter Value (eV)
t1 −1.486 t2 3.729
t3 −0.252 t4 −0.071
t5 −0.019 t6 0.186
t7 −0.063 t8 0.101
t9 −0.042 t10 0.073
t⊥1 0.524 t
⊥
2 0.180
t⊥3 −0.123 t⊥4 −0.168
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Analogously, we can obtain the intralayer (tAA, tAC and
tAD) and interlayer (tAD′ and tAC′) coupling contribu-
tions, such as
tAA(k)=2t3 cos [2a1 sin(α1/2)kx]
+2t7 cos{[2a1 cos(α1/2) + 2a2 cosβ] ky}
+4t10 cos [2a1 sin(α1/2)kx]
×cos{[2a1 cos(α1/2) + 2a2 cosβ] ky}, (47a)
tAC(k)= t2e
ia2 cos(β)ky + t6e
−i[a2 cos β+2a1 cos(α1/2)]ky
+2t9 cos[2a1 sin(α1/2)kx]e
−i[a2 cos β+2a1 cos(α1/2)]ky ,
(47b)
tAD(k)=4t5 cos[a1 sin(α1/2)kx]
×cos{[a1 cos(α1/2)+a2 cosβ]ky}, (47c)
tAD′(k)={4t⊥3 cos[2a1 sin(α1/2)kx]+2t⊥2 }
×cos{[a1 sin(α1/2)+a2 cos(β)]ky}, (47d)
tAC′(k)={2t⊥1 eia2 cos(β)ky + 2t⊥4 e−i[2a1 sin(α1/2)+a2 cos(β)]ky}
×cos[2a1 sin(α1/2)kx]. (47e)
2. Unitary transformation
In order to obtain the Hamiltonian (8), one can apply
the following unitary transformation to the bilayer BP
Hamiltonian (6):
U =
1
2
 1 1 1 11 1 −1 −1−i1 i1 −i1 i1
−i1 i1 i1 −i1
 , (48)
where 1 denotes the 2 × 2 unit matrix. Therefore, one
obtains
UHbiU
† =
 H0 +H2 +H3/2 ∆/2 0 iH3/2∆ H0 +H2 −H3/2 −iH3/2 00 iH3/2 H0 −H2 −H3/2 ∆/2
−iH3/2 0 ∆/2 H0 −H2 +H3/2
 , (49)
In Sec. II B, we use the above transformation to put away the terms appearing in the off-diagonal block.
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